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THE TOPOLOGY OF RESOLUTION TOWERS 

SELMAN AKBULUT AND HENRY KING 

ABSTRACT. An obstruction theory is given to determine when a space has a 
resolution tower. This can be used to decide whether or not the space is homeomor-
phic to a real algebraic set. 

In [AK .. AK 2 ] we have introduced topological resolution towers. These are certain 
topological structures on smooth stratified spaces. As the name suggests, such a 
structure gives a resolution of the space. Underlying topological spaces of real 
algebraic sets naturally have this structure [AK3]' In fact, a certain converse of this is 
also true [AK4]. These structures impose new obstructions for a space to be a real 
algebraic set. In this paper we outline an obstruction theory for stratified spaces to 
admit these structures. This theory is similar to one suggested by Sullivan [S]. As an 
application in [AKsl all real algebraic sets of dimension.:::; 3 are topologically 
classified. The main theorem of this paper is Theorem 1.2, which is a generalization 
of our previous spine theorem (Proposition 4.2 of [AKd). Theorem 1.2 says that a 
stratified space X with this structure bounds if and only if the structure on X 
extends to cone( X). This theorem makes the obstruction theory of this paper work. 

Definitions. In this paper a manifold means a smooth manifold and a closed 
manifold means a compact smooth manifold without boundary. A proper codimen-
sion one submanifold S of a closed manifold V is called a separating submanifold if 
S separates V. See Figure 1. If A is a compact codimension zero submanifold of a 
compact manifold we define (see Figure 2) 

a_{A) = a{A) n av, 
a+{A) = a{A) - intL{A). 

v v 
FIGURE 1 FIGURE 2 
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v 
FIGURE 3 

DEFINITION. Let V be a compact manifold; then a tico ~ in V is a collection of 
properly immersed codimension one compact submanifolds of V in general position 
meeting av transversally. Here proper means if S E ~ and as =1= 0, then as = 
av n S. If ~ = {Si }7=1' each Si is called a sheet of ~. We say ~ is a regular tico if 
each Si is a properly imbedded submanifold. See Figure 3. We define a~ = {aSi }7=1; 
hence a~ is a tico in aVo Given tieos ~ = {S;}, IS = {R j } in general position, 
define ~ n IS = {S; n R j }. If R is a smooth manifold which is in general position 
with all S;, define ~ n R = {Si n R}. If L is a manifold define ~ xL = {Si XL}, 
~ X L is a tico in V X L. We define the realization of a tieo ~ = {Si }7=1 to be 
I~I = U7=1 Si (notice {I~I} itself is a tieo consisting of a single sheet). 

A closed tico is a tico ~ such that as = 0 for all S E ~. In particular, all ticos in 
a closed manifold are closed tieos. A separating tico is a regular tico such that each 
S E ~ is a separating submanifold of V. In this paper we use the symbol == for 
stratified space isomorphism, so in particular if the stratified spaces are smooth 
manifolds, then == denotes diffeomorphism. If V is a compact manifold with 
boundary, we call a tico ~ in Va spine of V if 

(a) a~ = 0, 
(b) V is a regular neighborhood of 1 ~ I. 

IISI/I~I n 186'1 
V = the upper half space 

FIGURE 4 
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(b) implies that V - I~I ::::: av X (0,1], that is, V/I~I ::::: cone(aV). If ~ u 'S is a 
tico in V with a~ = 0 and a'S * 0, we say ~ is a spine of 'S if I'SI/I~I n I'SI ::::: 
conela'Sl. See Figure 4. 

If ~ = {S; }7-1 is a tieo then I~I is a stratified space UMj in a natural way, where 
M j = {x E 1~lla(x) = j}, and a(x) = L7-1 a;(x). a;(x) is the multiplicity of S; at 
x. (Thus a;(x) = ° if x f/:. S;, a;(x) = 1 if S; is imbedded near x, ai(x) = 2 if Si has 
a double point at x, etc). In particular, if ~ is regular then a(x) is the number of 
sheets S; passing through x and Mj is the set of points which are contained in 
exactly j sheets. We also have a stratification on V, namely V = (V - I ~ I) U U Mj 

which we will refer to as the ·stratification of (V, ~). 
In this paper sometimes we will have to consider a generalization of regular ticos, 

so we make the following definition. 

FIGURE 5 

DEFINITION. Let V be a compact manifold. A tim ~ in V is a collection of 
transversally intersecting imbedded compact submanifolds of V, such that each 
S E ~ meets av transversally along a compact codimension zero submanifold of 
as. We call the elements of ~ sheets of ~. Define ~Iav = {LS}SE~' ~Iav is a 
tim in av. Define I~I = USE~ S, and call it the realization oJ tim ~. Figure 5 gives a 
picture of a two-sheeted tim in the upper half ball. 

Now we have to talk about several notions of transversality. Let J: V ~ W be a 
smooth map between smooth manifolds and let 'S = {S;} be a tim in W; then we 
say J is transverse to 'S if J is transverse to all possible intersections of sheets of'S. 
In this case we can pull back the tim'S to the tim J*'S = {f-1(S;)} in V. Now in 
addition assume that ~ is a tico in V; then we say J: V ~ W is tico-transverse to 'S 
if the restriction of J to every stratum of V induced by ~, is transverse to'S. In this 
case the pull-back tim J * 'S is transverse to ~ in V. Similarly, we call a smooth map 
J: 12!1 ~ W tico-transverse to 'S if the restriction of J to every stratum of I~I is 
transverse to'S. 

DEFINITION. Let ~ be a tico in a smooth manifold V. A subtim of ~ is a 
collection ~ of subsets of I ~ I such that ~ = {B n I ~ II BE'S} for some tim 'S in 
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FIGURE 6 

general position with 2f. See Figure 6. Note that a subtim is not itself a tim. The tim 
SB will be called a normal thickening of C£:. Note that normal thickenings are far 
from unique. The following lemma gives a useful criterion for when a subset of 12f1 is 
a subtim. Let g: N ~ V be the immersion associated to 2f. That is, g( N) = 12f I and 
g is one-to-one on a dense subset of N. In [AK 1 ], we defined a pull-back tico g*(2f) 
in N. 

LEMMA 1.1 (NORMAL THICKE~ING LEMMA). A finite collection C£: of subsets of 12f1 is 
a subtim of 2f if and only if 'n = {g-l( C) ICE C£:} is a tim in N in general position 
with g*( 2f). In case 2f is regular this is equivalent to saying that for each sheet S of 2f, 
{S n C ICE C£:} is a tim in S which is in general position with the tico S n 2f = 

{S n AlA E 2f - {S}}. 

PROOF. If C£: = {12f1 n BIB E SB} for some tim SB in general position with 2f, 
then it is easy to check that 'n = {g-l( B) I B E SB} is a tim in N in general position 
with g*(2f). To prove the converse, suppose we know '1) is a tim in N transverse to 
g*(2f). By induction we may assume there is a tim SB' in general position with 2f 
and aCE C£: so that C£: u {a+C} - {C} = {12f1 n BIB E SB'}, where a+c = 
g(a +(g-l( C))). Now for every z E C it is not hard to find a chart <pz : (Rm, 0) ~ (V, z) 
(or <Pz: ({ x E Rm I Xm ~ OJ, 0) ~ (V, z) if z E aV) so that <p;1 of everything in sight 
is linear. That is, <P;1(12f1) = Uf~l R';' (where R';' = {x E Rmlxi = On and for each 
BE SB' either z $. B or <P;l(B) = nf'~bR';' n (domain of <pz) (if z E B - a+B) or 
<P;l(B) = nf'':l R';' n {x E Rm I Xc ~ O} n (domain of <Pz)(if z E a +B) where band 
c depend on B. Furthermore, there is some linear subspace Sz c Rm transverse to 
<p; 1( 12f D and a smooth Oz : Sz n <p; 1( 12f D ~ Sz -L so that 

So by covering C with a finite number of such charts and by extending each Oz to a 
neighborhood S; of Sz n <P;1(12f1) in Sz n domain<pz we may find some manifold 
B' c V so that <P;l(B') = {x + Oz(x) I XES;}. Then SB = SB' u {B'} - {a +B'} is 
a tim in general position with 2f and a: = {12f1 n BIB E SB}. 0 
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FIGURE 7 

DEFINITION. Let (V, m), (W, 1.8) be two closed smooth manifolds with ticos. A 
smooth map f: V ~ W is called a tico map if the following is true. for any q E V 
and f(q) E W pick charts 1/J: (Rm, 0) ~ (V, q), 0: (Rn, 0) ~ (W,f(q)) so that 
1/J-1(lml) = Uf~l R';', 0-1(11.81) = U~~l R~ and f1/J(Rm) c O(Rn). Let ki(x) be the ith 
coordinate of 0-lf1/J(x). Then f is a tico map if there are nonnegative integers (Xij' 
1 ~ i ~ b, 1 ~ j ~ a and smooth functions <l>i: Rm ~ R such that ki(x) = 
nj~l XJQ'i<l>i(X) for all x near 0 and <1>;(0) 01= 0 for i = 1,2, ... , b. Let ~ c m; then we 
say a map g: 1 ~ 1 ~ W is a mico if there is a neighborhood V of 1 ~ 1 in V and a tico 
map f: (V, U n m) ~ (W, 1.8) such that g = f I. Similarly we can define ticos and 
micos in case V and Ware not closed by allowing coordinate charts from upper half 
Euclidean spaces. 

We are now ready to define resolution towers, which is the basic object of this 
paper. A resolution tower is a collection iY = {V;, mi, Pi}7~o where (V;, mi), i = 
0, ... , n, are compact smooth manifolds with ticos and Pi = {Pji }):~ are collections 
of smooth maps Pji: Vji ~ Vj so that Vji = 1 mjil for some m ji c m i and 

(1) Pji(Vji n VkJ c Vkj for k <j < i, 
(2) Pkj 0 Pjilv"n VA' = Pkilv"n Vk ,' 

(3) PJ/(U k < ",vk) = Vji n (Uk < m VkJ, 
(4) mi = U j<i mJi' and mji n mki = 0 when j "4= k, 
(5) PJi1(aVj) = av; n Vji. 
A resolution tower is a purely topologically defined object; to emphasize this, we 

will sometimes call it a topological resolution tower. We will denote V; = V;( iY), 
mi = mi(iY), mji = mji(iY), Vji = Vji(iY), and Pji = Pji(iY)· We define n = 
height(iY). We call a topological resolution tower iY seminormal (normal) if whenever 
W is any component of V;m) with aw 01= 0 and V is a component of W - Im;(iY)l, 
then Un aw 01= 0 (V meets all the components of aW). Clearly normal implies 
seminormal but not the converse; for example, Figure 7 satisfies the seminormal 
condition but not the normality condition. In case all aV; = 0 seminormality and 
normality are vacuous conditions. 

We can talk about some additional properties of resolution towers (see [AK 2 ]); the 
ones we use in this paper are: 

R - Each tico m i is regular. 
M - Each Pji is a mico. 
V-Each Pjils is a smooth submersion for every stratum S of (V;, m;) with 

S C Vji - Uk<j Vki . 
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S - Each Pji is a submersive mico, in particular Pji I s is a smooth submersion for 
every stratum S of (~, ~;) (see [AK 2])' 

F - Each (~, ~ i) is full. This means that if S is ~ or any intersection of sheets of 
~i' H*(S; "1../2"1..) is generated by imbedded submanifolds of S. 
For example, we will say is: is type R it it satisfies R. Sometimes we will combine 
these properties; for instance, a resolution tower is: of type RM satisfies both the 
properties Rand M. , 

If is: = {V;'~i'P;} then we define a is: = {a~,a~i,p;I}. We call is: closed if 
a.%= 0. ForO:S;; k:s;; n we denote is: k = {~, ~;,p;}7~o. 

An algebraic resolution tower is a resolution tower such that each ~ is a 
nonsingular algebraic set and each sheet of ~; is a nonsingular algebraic subset and 
each Pj; is an entire rational fun~tion. We define !T to be the set of all topological 
resolution towers and .91 to be the set of all algebraic resolution towers. When we 
put subscripts R, M, U, S, F to !T or .91, they will denote the subsets of !T or .91 of 
that type. For example, !TRM is the set of resolution towers of type RM. Clearly, we 
can identify .9I<-+!T via the forgetful map. Note that .9IR =.91 and !Ts c !TMU' 
.9Is c .91 MU' 

If is: E !T we define the realization oJ is: to be 
n 

I is: I = U ~/ x - Pji{x), 
i~O 

That is, 1m is obtained by identifying the points x - Pji(x) for all x E lji in the 
disjoint union U7~o~. If is: E!T then 1m is a stratified space with strata {lj -
U r < j v,.j}. We define dim( is:) to be the dimension of I m, i.e. the dimension of the 
highest dimensional stratum. 

is: = { @~ C)} 
12 

VI 
V2 

( here P" folds ) 
the circle VI2 • 

I~I= c§b onto an arc on Vl 

If 0: Ed U then I m is P.L. homeomorphic to a real algebraic set whose singular 
stratification coincides with the smooth stratification of 1m [AK4]' (We say that two 
stratified sets are P.L. homeomorphic if they have smooth subdivisions which are 
isomorphic as stratified sets.) Note that an algebraic set has a canonical stratification 
up to P.L. homeomorphism since any two semialgebraic stratifications have a 
common subdivision. We know that any algebraic set is P.L. homeomorphic to ml 
for some 0: Ed; in fact 0: Ed MUF [AK3]' 

We adopt the convention that if Y is any subset of !T or.9l, then 
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So up to P.L. homeomorphism, we have 

{Real algebraic sets} = 1 sf MUF I· 

Let T: Isfl '-4 IYI be the forgetful map. In [AK21 it is shown that for any .~ E Y 
there is a regular \}' E Y with lij'l = 1m and ~' has the same type as iJ. In [AK41 
it is shown that T maps IsfsFI onto IYRSFI. SO up to P.L. homeomorphism, we have 
the following commutative diagram: 

{Real algebraic sets} 

" IsfMUFI 

T' 

I sfMU I c:.....- IYRMUI = IYMUI 

J J 
Isfsi ~ IYRSI = Iffsl 

~ onto ~ 
'-c __________ » 1.9"'RSFI = IffsFI 

where the horizontal maps are restrictions of T, and j is induced by composition. 
Hence proving j (or less likely T') onto would give a complete topological char-
acterization of real algebraic sets. Anyhow, the elements of IYRSI give a good 
picture of what real algebraic sets look like. In this paper we give an obstruction 
theory to decide which stratified spaces lie in IYRSI. Many of the results of this 
paper remain valid when we replace Y RS with some other subsets of Y. For clarity 
we will stick with Y RS throughout the paper, and leave it to the reader to verify 
these possible variations of the results. For brevity we will denote TR = Y RS and 
AR =sfs. 

We are now ready to state our main result. 

THEOREM 1.2. If @ E TR and @ = a\}' for some seminormal ij' E TR, then 
there exists iJ E TR such that 

(i) a~ = @, 

(ii) I\}I :::: conel@l· 

Above:::: means a stratified space isomorphism. This theorem is the obvious 
generalization of the classical spine theorem which allowed us to classify the real 
algebraic sets with isolated singularities [AK61. Notice in particular (ii) implies that 
\} must be seminormal. 

Theorem 1.2 is the basic result that allows us to define an obstruction theory of 
putting TR structures on stratified spaces. Let Y be a stratified space of dimension 
n such that each connected smooth stratum has a trivial normal bundle. Let Z be 
the s-skeleton of Y, i.e. Z is the union of i-strata for all i :( s. Suppose Y - Z has a 
TR structure respecting the trivializations, so there is a \} E TR with liJl = Y - Z. 
Also by assumption if (J is an open connected s-stratum then ~ restricts to \}' X (J 
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cone 13'1 

FIGURE 8 FIGURE 9 

on the boundary of the tubular neighborhood of a for some 3' E TR, in particular 
13' X al = 13'1 X a. Let Z' = Z - a. If we can find 3" E TR with a3" = Wand 
I~"I = cone on 13'1, then we can extend 3 to Y - Z' across a by 3 u a (3" X a). 
See Figure 8. 

Theorem 1.2 reduces the awkward question of finding such an 3" to a bordism 
problem, namely it suffices to prove that 3' bounds a seminormal resolution tower. 
In case Z is a point, then the theorem roughly says that 13'1 can occur as a link of a 
point in an algebraic variety if 3' bounds. 

As an example, let Y be the stratified set in Figure 9. Let Zi be the ith skeleton of 
Y. Then Y - Zl has a TR structure since it is smooth. The link of a1 is four points; 
they bound two arcs. Let 31 be the resolution tower 

{ .. ~.}. 
Then we can extend the TR structure on Y - Zl by iYl X a1 across ai' since 

131 1= x. 
So we have a TR structure on Y - Zo and Zo = {ao, a~}. This induces TR 
structures on the links of ao and a~ by 

@= {O:) .}. 
Let 

{ 
where P12 is the folding map, POl and P02 are collapsing maps. Then aiY; = @ and 
1); is semi normal. Theorem 1.2 tells us that there is an 32 E TR such that a32 = @ 
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and 11J 21 :::: cone I (\) I, so we can extend the TR structure across ao and afJ to all of Y 
by adding two copies of \}2' For example, we can take 

V02~ } ) • Vo~~. 
VI Vo 

---~ 
Pl2 

since 

In higher dimensions, it is often harder to find \}2 than \};, which is any 
seminormal bordism with a\}; = @, but Theorem 1.2 allows us to find such \}2 
from \};. 

2. Properties of resolution towers. It is shown in [AK21 that if \} E .rlt4U ' then 
there exists \}' E .rRMU with I\}'I = 1m. Here we study some further topological 
properties of resolution towers. Our main goal is to be able to modify resolution 
towers to nicer ones as in the above result. 

PROPOSITION 2.1. Let \} E TR be seminormal with Vo( \}) = a point. Let k be the 
smallest integer> 1 such that Vk ( \}) has closed manifold components (if it exists). 
Then there exists a seminormal \}' E TR such that 

(1) a\}' = a\}, 
(2) \} ~ -1 = \} k - I' 

(3) V,( \}') = the union of connected components of V,( \}) with nonempty boundary 
for i > k. 

(4) l2I i(\}')1 = I2IJ\})1 n V,(\}'), for i > k. 

PROOF. Let \} = (V" 2Ii,Pi};'~O' Define \}~_I = \}k-l and for each i > k let v,' 
be the union of connected components of V, which have nonempty boundary. For 
all 1 ~ j < i let Vj; = Pj-/( Vj') n v,', and PJi: Vj; ~ Vj' be the restriction of Pi l ' Let 
Vc{i = v,' n Uj-::'\(Vji - Vj;), and pbi: VC:i ~ VC: be the constant map. Let 2Iji be the 
sheets of Vj; and 2I;=Uj-::'~2I;i and p;={p[)p""p;-I,d. Then \}'= 
{ v,', 2I;, p;} ;'~o gives the required resolution tower. 0 

DEFINITION. Let 1J, 1J' E TR with height( \}') ~ height( \}). Then a transverse 
tower map cf>: 1J' ~ \} is a collection of maps cf>i: V,( \}') ~ V,( \}) for i = 

0,1, ... , height( \}') which are tico-transverse to 2I J \}) such that for all ° ~ j < i ~ 
height(\}') 

(a) 2Iji(~') = cf>i2I;J1J), 
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(b) The following commutes: 

Vj;(iJ') 
<P, 

I Vj;(iJ) 

! Pp(iJ') ! Pji(iJ) 

Vj(iJ') 
<Pj 

I Vj(iJ) 

where Vj;(iJ') = l~i;(iJ')I. 
We say iJ' is a subtower of iJ if all cp; are inclusions. We call a sub tower iJ' a 

codimension k subtower if all V;( iJ') are codimension k sub manifolds of V;( iJ)· 
DEFINITION. Let iJ E TR with n = height( iJ). Then .J# = {A j }j!. k where k ~ m 

~ n is called a compatible family of submanifolds of iJ if each Ai is a compact 
smooth submanifold of Vj(iJ) (it can be empty) such that 

(1) A j is transverse to ~ / iJ), for all j ~ k. 
(2) Pji(iJ) is tico-transverse to Aj, for all i > j ~ k. 
(3) Pji(iJ)-l(A) = Vj;(iJ) nA;, Pj;(iJt1(aA) = Vj;(iJ) n aA;, for k ~j < i ~ 

m. More generally we define.J#= {8it;};:k to be a compatible family of tims in iJ if 
each 8it; = {Aji}j E A is it tim in V;(iJ) such that each .J#" = {A,,; }7'_kis a compatible 
family of submanifolds of iJ for all a c A where A,,; = njE"Aj;' In particular, 
compatible family of ticos is defined. Also we define .J# I a& to be the compatible 
family of tims {8it;la&}. 

LEMMA 2.2. Let iJ E TR, m ~ height(iJ), and let .J#= {A;};:"l be a compatible 
family of submanifolds in iJ. Then there exists a smooth submanifold Am in Vm(iJ) 
such that .J#' = {A;} 7'= k is a compatible family of submanifolds in iJ. 

PROOF. Let 8itjm = Pjm(iJ)*{Aj } and 8itm = Ui=-l8itjm . Then we claim that 8itm is 
a subtim in U i;;. k ~ jm(iJ). Given this, we can take a normal thickening Am of 8itm in 
Vk(iJ). So by construction .J#' satisfies the conditions (1) and (3) of a compatible 
family. To check (2) take any connected component So of a stratum of V; with 
So c Vm;. We must show that Pm;\: So -+ Vm is transverse to Am' Let Sl be the 
stratum of Vm with Sl :::) Pm;(SO)' Suppose first that So c Vj; for some j < m. Then 
Sl C l~m(iJ)1 so since Pjil: So -+ Vj is transverse to Ai' Pjils = Pjm 0 Pm;ls and 

-1 I 0 0 Sl n Am = Sl n Pim(A) we know that Pm; So must be transverse to Am' Now 
suppose that So c Vm ; - U j < m Vj;. Because iJ has type U we are done since Pm; 
submerses So to Vm - I~ml.' Now it remains to show that 8itm is a subtim in 
U j;;. k ~ jm( iJ), but this follows from Lemma 1.1. See Figure 10. 0 

LEMMA 2.3. Let iJ E TR, m ~ height( iJ), and let .J# = {.J#;} ;:,/ and 8it = {8it;} 7~k 
be compatible families of tims in iJ with 8it; c.J#; for all i < m. Then there exists a tim 
.J#m in Vm ( iJ) such that 8it m C .J# m and .J#' = {.J#;};: k is a compatible family of tims. 
Furthermore, if there is a tim C(im in aVm(iJ) such that .J#la~ U {C(im} is a compatible 
family of tims in aiJ, then we can choose.J#m such that .J#mla~ = C(im' 
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v, 

FIGURE 10 

PROOF. The proof follows by applying Lemma 2.2 to the sheets of d. To get the 
relative version, recall that the sheets of d m are obtained by taking normal 
thickenings and there is relative existence for normal thickenings. 0 

LEMMA 2.4. Let 3 E TR, m ~ height(3). Let d= {di }7'=,/ be a compatible 
family of tims in 3 and let !J4 = {!J4i };':. k be a compatible family of ticos in 3. Suppose 
!J4i C d i for k ~ i ~ m - 1 and each sheet of each d i - !J4i has codimension zero. 
Then there exists a tim d m in Vm (3) so that !J4m C d m , each sheet of d m - !J4m has 
codimension zero, d' = {di }7'=k is a compatible family of tims and !J4' = {!J4!};':.k is 
a compatible family of ticos where !J4: = !J4i U {a +A I A E d i - !J4i }. 

PROOF. Apply Lemma 2.3 to obtain d m . The compatibility of the family {!J4!};':.k 
then follows easily from compatibility of {di };':.k and {!J4i }7'=k. 0 

Let 3, 3', 3" E TR, dim(3') = dim(3"), such that a3' == @ u a @~ and a3" 
= @ u a @", where @, @' and .@, @" are codimension zero sub towers of a3' and 
a3", respectively, with a@ = a@' = a@", and 3 = 3' u 3" obtained by gluing 
along @. See Figure 11. 

FIGURE 11 
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N OW given these notations we have the following proposition. 

PROPOSITION 2.5. Let Ak be a compact codimension zero submanifold of Vk(i)") n 
int Vk (i) such that A k n I ~ k( i)1 = 0. Let !!A * = {!!At};;. k be a compatible family 
of tic os in i)' andlet!!Ak beaticoin Vk(W)UA k transverse to Vk(@) and ~k(@) 
such that !!Ak n Vk(i)') = !!A{ u!!A'{* and !!A'{* is a separating tico. Then after a 
small isotopy of Ak and !!At* we can find a compatible family of codimension zero 
submanifolds .Ji1 = {A;};;. k in i)", and ticos !!A; in V; ( i) ') U A; for all i > k, and 
~ E TR such that 

(a) ~k-l = i)~-I' 
(b) v;(~) = V;(i)') U A; for i ;;. k, 
(c) ~;(~) = ~;(i) n v;(~), p;(~) = p;(i)I2l j (&)' 

(d) !!A = {!!A;};;. k is a compatible family of ticos in ~. 
(e) !!A;* c !!A; n V;(W) for all i ;;. k. 

Furthermore, if!!A'{* = {a+D IDE ~d for some tim ~k with I~kl n aVk(@) = 0, 
then we may also conclude that I !!A; I n av;(@) = I !!At I n av;(@) for all i ;;. k. See 
Figure 12. 

PROOF. After a small isotopy of Ak and !!A{* we can assume that all Pk;(i)'S are 
tico-transverse to Ak and !!At* for all i > k. Let ~k be a codimension zero tim in 
Vk(i)') so that {a+DIID E ~d = !!A'{*. By Lemma 2.4 with m = k + 1 and 

.Ji1k = ~k U !!At, there is a tim .Ji1k+l = ~k+l U !!At+l so that {.Ji1k, .Ji1k+d is a 
compatible family. In case I~ kl n aVk(@) = 0 we first use Lemma 2.4 to lift .Ji1k I@ 
to a tim ~{+1 U !!At+llrn in Vk+l(@) so that l~t+ll n avk+1(@) = 0, then lift 
.Ji1kllw to a tim ~~+1 U !!At+ll~~, in Vk+1(@') so that 1~~+11 n aVk+1(@) = 0. 
Taking unions of sheets in ~~+1 and in ~~+1 we get a tim ~~'+1 in aVk+l(W) so 
that ~t+ 1 U !!At+ 11 aw lifts .Ji1k I a3' and I~~'+ 11 n avk+ 1 (@) = 0. We then pick our 
above lifting ~ k+ 1 so that ~ k+ 11 a~' = ~~'+ l' in particular I~ k+ll n avk+ 1 (@) = 0. 
Continuing in this manner we obtain a compatible family of tims {.Ji1; L;. k in W 
where.Ji1; = ~; U !!A;*, i;;. k, and {~; L;. k is a compatible family of tims in i)' and 
I~;I n av;(@) = 0. So we have a compatible family of ticos in i)', !!A' = {!!A!};;'k 
where !!A: = !!A;* U {a +D IDE ~;}. Notice I !!A: I n av;(@) = I !!At I n av;(@) for all 
i ;;. k. 

FIGURE 12 
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Form a tim !1l;' in &" with !1lk' n Ak =!1lk n A k, and !1l;: n Vk(@) =!1lk n 
Vk(@) by taking !1lk n (Ak U Vk(@» and adding a collar along !1lk n (a+Ak U 
Vk(@) - a_(Ak»' By repeated applications of Lemma 2.4 we obtain a compatible 
family of tims {!1l['};;'k in &" with !1l['n V;(@)=!1l(nV;(@). Now apply 
Lemma 2.2 repeatedly to A k to obtain a compatible family of submanifolds {Ai} i;. k 
in &" with each Ai in general position with ~;(&") and !1l['. Furthermore, an 
examination of the proof of Lemma 2.2 reveals that we may guarantee that each 
Ai n !1l:' is a tico in Ai' (Do this by making your thickenings very thin. Actually the 
proof of the normal thickening lemma will do this automatically.) Then d = {~};;. 0, 

where 

for i < k, 

for i ;;:, k, 

is a compatible family of codimension zero submanifolds in &; hence it defines a 
subtower ~ = {~, ill:;, p;} where ill: i = ~;( &) n ~. Then !1l = {!1l;} i;. k where !1li 
= I !1l: I U a 1!1l[' n Ail is a compatible family of ticos in ~. See Figure 13. 

o 
FIGURE 13 

COROLLARY 2.6. Under the same hypothesis of Proposition 2.5 and l!1lrl n av;(@) 
= 0foralli;;:,k, l~klnaVk(@)= 0where!1lr=a+~k' andVo(@)=apoint, 
then there exists @ E TR such that 

(a) a@ = a@, 
(b) @k-l = @k-l' 
(c) Vk(@) = (Vk(@) - int(a_Ak» U a+Ak, 
(d) ~jk(@) = ~jk(@) for 0 <j < k, 
(e) ~Ok(@) = ~Ok(@) U a!1lk, 
(f) P/k(@) = Pjk(@) for 0 <j < k, POk(@) = trivial map. 

PROOF. Let @* = a~ -int(@'), then @* satisfies (a) and (b) and ~i(@*) = 
~i(&) n VJ@*) and Pi(@*) = Pi(&)I~,(~I\.)· Then simply define @ by @k-l = 
@k-l' V;(@) = V;(@*), ~i(@) = ~i(@*) U a!1li, ~Oi(@) = ~Oi(@*) U a!1li for 
all i ;;:, k, Pji(@) = Pji(@*) for 0 < j < i, and POi(@) = trivial map. Notice since 
Ak is disjoint from ~k(&)' ~k(@*) = ~k(@) so (c), (d), (e) are satisfied. Clearly 
(b) is satisfied and (a) is satisfied since I a!1li I n av;(@) = I !1li I n av;(@) = 0 by 
Proposition 2.5. 0 
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Let Tm be the m-torus; there is a basic tico in T m which we will denote by 
g-m = {T; } 7'=1 with each T; = Sl X ... X Sl X 0 X Sl X ... X Sl where 0 lies in 
the ith slot. Let vm be a smooth m-manifold; then g-m induces a tico in vm#Tm 
which we will continue to denote by g-m. 

PROPOSITION 2.7. Let @ E TR be seminormal with Vo(@) = a point. Let k be any 
integer ~ height ( @) such that all components of V;(@) have nonempty boundaries for 
o < i ~ k. Then there exists @' E TR such that 

(a) 3@' = 3@, 

(b) @~-1 = @k-l' 
(c) Vk(@') = Vk(@)#T m, where m = dimVk(@), and the connected sum is taken 

along any disc we choose in Vk(@) -1~k(@)I, 
(d) ~k(@') = ~k(@) ug-m , ~Ok(@') = ~Ok(@) ug-m , 

(e) @' is semi normal. 

PROOF. T m - 1 imbeds in Rm + 1 with trivial normal bundle (in fact it imbeds into 
Rm with trivial normal bundle, prove by induction). Hence 

where B m is a ball in Vk(@) in the complement of ~ k(@)' Let C be a thickened arc 
connecting Bm X 1 to T m- 1 X 3D 2 = T m, so C:::::; B m X 1. Let D' be a smaller 
open disc in D2, and Ak = C u T m - 1 X (D - D'), and let !14k be the tico 
corresponding to g-m X I in A k • Let 3- = @ X [0,2], 3-' = @ X [0,1], 3-" = @ X 
[1,2]. See Figure 14. By choosing C small we can make sure that A k n I ~ k( 3-) I = 0. 
By Corollary 2.6 we get @ satisfying (a), (b) and 

Vk (@) = (Vk (@)#Tm)UTm (U means disjoint union), 

~k(@) = (~k(@) Uym)ug-m. 

~Ok(g) = (~Ok(@) Ug-m)ug-m. 

By construction @ remains seminormal, so by Proposition 2.1 there exists serninor-
mal @' E TR satisfying the required properties. 0 

!14k 

FIGURE 14 
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3. Construction of spines. The following is a generalization of Proposition 4.2 of 
[AKl]' 

PROPOSITION 3.1. Let vm be an m-dimensional compact smooth manifold such that 
every component of V has nonempty boundary. Let 2f be a closed tico in V such that for 
any component Wof V, X(W -12f1) == ° (mod2), where X denotes the Euler char-
acteristic. Then there exists a compact codimension zero submanifold A of int(V) X 

[1,2) and a tico PA in V X [0,1] U A such that: oPA = m- u I(} with 1m-I = 12f1 and I(} is 
a closed tico in V = (V X 1 - int(o _A» U 0 +(A), and I(} is a spine of V, that is, 
V/II(} I "'" cone(oV'> (notice oV = OV). Furthermore, IPAI n V X [0,1] = 12f1 X [0,1] 
U IPA**1 wherePA** is a separating tico in Vx [0,1]. Infact, PA** = {o+DID E <&"} 
for some codimension zero tim <&" in V X (0,1] so that 0 _<&" c int(V) X 1. See Figure 
15. 

V 

v X [0,2] 
V X [0,2] 

FIGURE 15 FIGURE 16 

PROOF. In case m = 1 the proof is trivial. In this case V is a disjoint union of 
closed intervals and 2f has an odd number of points in each interval. We choose d 
and PA in the obvious fashion as in Figure 16. 

So we can assume m ~ 2. Also without loss of generality we will assume that V is 
connected. Proving the proposition for each component would give the proof for all 
of V. We claim that we can pick a collection of balls!!) = {Di }~~l in interior(V) 
such that (see Figure 17) 

(a) U;~lDi U 12f1 is a spine of V. 
(b) {ODi };~l U 2f is a tico in V. 
(c) UDi - (UODi U 12f1) is a union of an even number of open balls Uj~lBj' 

s = 2p. 

V 

FIGURE 17 
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aB;~~ 
o S. 

1 

Vo 

FIGURE 18 

FIGURE 19 

VI 

FIGURE 20 

Clearly this can be done by covering the complement of an open collar of av by 
very small round balls. The only thing which is not clear is the evenness claim in (c). 
We see this as follows. Say s is the number of open balls UDj - (uaDj U I~I); then 
modulo 2 we have the equations 

X(V) = X (j~l Dj U I~I) = X (i~l aDj U I~I) + s = x(l~I) + s. 

The last equality can be proven by induction on r. Hence s = X(V - I~I) so s must 
be an even integer 2p. 

Call Sj = aDj and let .Y'= {Sd~~1 U ~ . .Y' is a tico in V. Let B; C Bj be small 
closed balls; then Vo = V - Uj~I interior(B;) is a manifold with spine .Y', and 
avo = av U Uj~I aB;, aB; =::: sm-I. See Figure 18. Then we can attach I-handles to 
the boundary components of avo and get a manifold VI = Vo U (I-handles) with 
aVl = aVo VI contains the tico .Y'. see Figure 19. 



THE TOPOLOGY OF RESOLUTION TOWERS 513 

Let {Cj }j~1 be the core circles of the I-handles; then 19'1 U Uj~1 ~ is a spine of 
VI. By construction each Cj intersects a unique element of 9'. After an isotopy we 
can see that VI is obtained by attaching I-handles to the interior of V (more 
correctly surgering So's in V). That is, there are closed discs {B['}7!1 in Uj~1 Bj C V 
such that VI = (V - intUf!1 B;')/aB~~_1 - aB~~ for all k = 1,2, ... , s. See Figure 
20. Imbed disjoint arcs Uk' alk) '-+ (V X [1,2), V X 1) and pick tubular neighbor-
hoods Ik X B m of each Ik such that alk X Bm = {B~~_I' B~~} X 1. Let ZI = (V X 
[0,1]) U Ut~IUk X Bm)wheretheunionistakenalongaIk X Bm; thena+(Zl) = VI. 
See Figure 21. 

Let N( ~) be a closed tubular neighborhood of the circle Cj in VI; so there are 
diffeomorphisms ()j:Sl X B m - 1 -+ N(~), j = I, ... ,s. Recall s = 2p is an even 
integer. We can extend these imbeddings to imbeddings 

Ell: (SI X B m - 1 X I, SI X B m - 1 X aI) '-+ (V X [0, 2) - int(ZI)' ZI) 

with ElIISIXBm-lxa/=()21-1U()21' I=I,2, ... ,p. In other words we pair up the 
N( C)'s and pairwise identify them by thickened annuli in the complement of ZI' i.e. 
we are attaching round handles to ZI in V X [1,2). See Figure 22. 

Vx 2 

VxI 

VXo 

FIGURE 21 

1 
V X [0,2] 

---------- ---------
''\ 

FIGURE 22 
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FIGURE 23 

Let Z2 = Zl U Uf=l e,(Sl x B m - 1 x /) where the union identifies N(C2'_1) U 
N(C2,) in aZl with e,(Sl X B m - 1 X a/). Call a+(Z2) = V. Now define 

s p 

A = U Uk X Bm) U U e,(sl X B m - 1 X I). 
'=1 

Notice that V = (V X 1 - int(LA» U a +(A). Next we will define the tico~. 
Recall !/'= {Si }~=l U ~; write ~ = {SJ7=r+l. Let Ai = {j 1 Cj n Si =fo 0}; then 

for each j E Ai' N(C) n Si = O/to X Bm-l) ,.. B m- 1 for some to E Sl. 
Define 

B'= ((DiX!)Ua(SiX[t,I]) 
I Si X(O, 1] 

for i = 1, ... , r, 
for i = r + 1, ... , q. 

After smoothing the comers {Bn gives a tieo in V X [0,1]. Construct a I-complex 
such that vertices are integers i = 1, ... , q and connect vertices a and b with an edge 
if 21 - 1 E Aa and 21 E Ab for some 1 = 1, ... , p. After reordering we can assume 
that there are ° = io ~ il ~ ... ~ ia ~ q such that the vertices of any connected 
component of this I-complex lies in an interval of the form an = (in' in+d, n = 
0,1, ... , a. Let 

Bn= ,U (B:U U e,(toXBm - 1 Xl)), 
lEan 2/EAi 

n = O, ... ,a. 

In short, the Bn are a union of B:'s which are identified by round handles. Let 
E, = S,(SI X Bm-l X t), 1 = 1, ... , p. Then define ~ = {Bn} U {Ed. Then A 
and ~ have the required properties; in particular, I~I n V X [0,1] = UiEanB: = 
I~I X [0,1] U 181**1 where ~** is a separating tico. See Figure 23. 

In particular, we have 

V= (VI - I~ int(C2I_ 1 ) Uint(C2,)) U a 191 e,(sl X sm-2 X I), 

C(j= {Sll}:=O u{e,(sl X sm-2 X t)}~=l' 
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where 

Sn=.U [(s;-.U N(CJnS;)u a U 8/(to XS m- 2 XI)]. 0 
lEan JEA; 2/EA; 

COROLLARY 3.2. Let vm be a compact smooth manifold with boundary such that 
every component of V has nonempty boundary. Let m: be a closed tico in V. Let m:' be 
a tico in V m such that m: em:' and m: is a spine of m:' and if U is any component of 
V - 1m:'1 then X(U) == ° (mod 2). Then there exists A and!JB satisfying the conclusion 
of Proposition 3.1. Furthermore, they can be chosen so that A n 1m:'1 X [0,2] = 0, 
16"1 n 1m:' - m:1 X [0,2] = 0, rc is a spine of rcu (m:' X 1), and!JB = m: X [0,1] u!JB' 
where !JB' n V X [0,1] = !JB** = a +6". 

PROOF. We proceed the same as in the proof of Proposition 3.1 except in the 
beginning we must choose p) = {D; }~=1 so that it satisfies the additional hypothesis 
I If) I c V - I m: 'I. Let T be an open regular neighborhood of 1m:' - m: I in V and let T' 
be an open collar of avo We can cover V - T U T' by collection of small round 
closed discs If) = {D; }~=1 whose boundaries are in general position so that 1If)1 U 1m:1 
is a spine of V and (a) and (b) of properties If) are satisfied. See Figure 24. 

The Euler characteristic condition implies, after a similar argument that U - U aD; 
is a union of an even number of balls for each U, and since U meets the boundary, 
we can 

(i) Choose I-handles {Ik X Bm} connecting components of U - U aD;, for each 
U. 

m:' - m: 

V 

FIGURE 24 

FIGURE 25 
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(ii) Pair up the circles {Cj } in each U U (I-handles). Then attach the round 
handles {8,} to these pair of circles, for each U. 

Hence we can choose (I-handles) U (round handles) = A to miss ill:' X [0,2]. See 
Figure 25. By construction Iill:' X 11 ni'&'l = Iill:' X 11 n Iill: X 11, and since ill: is a 
spine of ill:', then'&' is a spine of '&' U (ill:' X 1). D 

PROPOSITION 3.3. Let lJ E TR be seminormal with Vo( lJ) = a point. Suppose that 
for some k ? 1 and all ° < i < k we have diffeomorphisms 

hi:av;un x(O,l] --> V;(lJ) - VOi(lJ) 
so that 

(a) hi(aVJ/~) X (0, 1]) = VJi(lJ) - VOi(lJ) for all ° ~ j < i < k. 
(b) Pjih/x, t) = h/Pji(X), t) for all (x, t) E a VjinY) X (0,1], ° <j < i < k, 

where Pj; = Pj;{ ~ ). 
Then there is a seminormal ~ I E TR and a diffeomorphism h k : a Vk( ~ ') X (0,1] --> 

Vk(~') - VOk(~') so that 
(a/) hk(aVJk(~') X (0,1]) = VJk(lJ') - VOk(~') for all ° ~ j < k, 
(b') Plkhk(X, t) = h/Plk(X), t) for all (x, t) E aVJk(/J') X [0,1] where Plk = 

Pjk(~/)' 
(c') lJ~-l = ~k-l' 
(d /) a~' = a~. 

PROOF. Let V; = V;(lJ), VJi = VJi(lJ), ill:i = ill:,m), ill: ji = ill:ji(~)' and Pji = 

Pji( ~). By (a) we know that V; has no closed components for all ° < i < k. So by 
Proposition 2.1 we may as well assume that Vk has no closed components. If 
dim Vk > 1 we may also assume that each connected component U of Vk - I ill: k I has 
even Euler characteristic. If not, we may use Proposition 2.7 to take the connected 
sum of U with a torus, thus changing the Euler characteristic of U by one. 

Define a map r: I ill: k I - VOk --> (0, 1] as follows. Suppose x E VJk - VOk . Then we 
let rex) = 7Tj hj1pj k(X) where 7T/ VJ X (0,1] --> (0,1] is a projection. By (b) this is 
well defined since if x E VJk n V;k - VOk with ° < j < i < k, then 

7Tjh"/Pjk(X) = 7Tjhj1pjiPik(X) = 7Tih j lpik(X). 
Since ~ has type U we know that for each stratum S of V;k - U j < i VJk' Pik r: 
S --> V; - I ill: i I is a proper submersion, hence r I: S --> (0, 1] is a proper submersion. 
Hence we may find a compact neighborhood U of U1~11V;k in Vk and a proper 
submersion r/: U - VOk --> (0,1] so that r is the restriction of r' to Iill:kl - VOk . 
What we will do now is to modify Vk away from U until r' extends to Vk - VOk ' 
then use the submersion r' to get our promised h k • 

Notice r: 191 k I - VOk --> (0, 1] is a proper submersion, hence a bundle map, so 
there is a homeomorphism g: laill:kl X (0,1]--> I ill: kl - VOk so that rg(x, t) = t, so 
ill: Ok is a spine of 2! k. 

First let us consider the case where dim Vk = 1. Then V,k = 0 for ° < i < k 
(since r I: V/k - VOk submerses to (0,1] and dim V;k = 0, hence V;k - VOk = 0). 
Also by semi normality we know that each component of Vk contains at most one 
point of VOk . If some component of Vk contains no points of VOk ' we may use 
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Proposition 2.7 to connected sum it with a circle with a point tico. Hence we may as 
well assume that all components of Vk contain exactly one point of VOk. It is now 
easy to define hk. Let it be any diffeomorphism hk : aVk X (0, 1] ~ Vk - VOk; 
conditions (a') and (b') are vacuous. 

Now suppose dim Vk > 1. By Proposition 3.1 and Corollary 3.2 there is a compact 
codimension zero submanifold Ak of Vk X [1,2) and a tico !!4k in Vk X [0,1] U Ak 
such that if V; = (Vk X 1 - int(LA k» u a +(Ak) then 

(1) Ak n I~kl X [0,2] = 0, 
(2) l!!4kl n V; is a spine of V;, 
(3) !!4k = ~Ok X [0,1] u!!4£ and !!4£ n Vk X [0,1] = a+~k where ~k is a codi-

mension zero tim. 
(4) I~kl n I~ikl X [0,1] = 0 for all 0 < i < k, 
(5) I~kl n Vk X 0 = 0 and I~kl n aVk X [0,1] = 0, i.e. IL~kl c int(Vk) X 1. 
(6) !!4 n V; is a spine of ~k X 1, in fact l!!4k n V;I n (UY:i VJk X 1) = (VOk n 

UY:i VJk) X 1. 
So by Corollary 2.6 there exists i)' E TR (which is seminormal by construction) 
satisfying (c') and (d'). Also Vk(i)') = V;, ~jk(i)') = ~jk(i) X 1 for 0 <j < k 
and I~Ok(i)')1 = I !!4k I n V;. Now since I~Ok(i)')1 is a spine of V; we may extend r 
to be the proper submersion r": V; - I~Ok(i)')1 ~ (0,1] so that r'l = r. Let VJ~ 

denote l~jk(i)')1 and let Plk denote Pjk(i)')· Notice VJ~ = VJk X 1 for j > O. 
We are now ready to start constructing hk. We will construct hk by constructing a 

vector field w on V; - V c{~ so that r~'( w) = 1; w is tangent to the sheets of ~ k and 
Plk*(w(x» is ah/y, t)/at where y is such that Plk(x) = h/y, to) for some to and 
x E VJ~' We then obtain hk by integrating this vector field. It is easy to construct 
such a w on UY=l VJ~ - Vc{k' using the fact that Plk submerses all strata to some 
target stratum (cf. [AK 4 , Proposition 2.3]). Just construct w stratum by stratum, 
starting with the lowest dimensional strata. Now extend w to all of V; - Vc{k and 
normalize so that r'*( w) is still 1. 0 

Repeated applications of Proposition 3.3 give the proof of Theorem 1.2 since the 
hypotheses (a) and (b) of Proposition 3.3 imply that Ii)k-ll :::::: conelai)k_ll and the 
conclusions imply 1i)~1 :::::: conelai)~I· 

COROLLARY 3.4. Theorem 1.2 holds. 

4. Obstructions. Let .9' denote the set of isomorphism classes of smooth conelike 
stratified spaces such that each connected stratum has a trivial normal bundle (these 
are called TCSS spaces in [AKs]). Let .9'PL denote the set of P.L. homeomorphism 
classes of elements of .9'; this means that in.9'PL a stratified space is equivalent to a 
smooth subdivision of itself. Recall that TR is the set (of resolution tower isomor-
phism classes) of compact resolution towers of type RS. Let TRk denote the 
elements of TR of dimension :!( k. Define 11:, 11~, l1r to be the cobordism groups of 
TR*, ITR*I, ITR*IPL corresponding to the following equivalence relations (1), (2), 
(3), respectively: 

(1) i)l - i)2 if there is i) E TR with ai) = i) lUi)2' 
(2) X - Y if there are i)l' i)2' i) E TR such that ai) = ~lUi)2 and X = I~d, 

Y = 1i)21. 
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FIGURE 26 

(3) X - Y if there are 0: 1, 0: 2 , 0: E TR such that ao: = 0:1U0:2 and X' = mIl, 
Y' = 10: 21 where X', Y' are some smooth subdivisions of X, Y. 

There are obvious surjections 1/: --+ 1/~ --+ 1/~. We will denote the cobordism 
classes by square brackets such as m], [X]; it will be clear from the context as to 
which cobordism group we are referring. It is very likely that if m] = 0 in 1/: then 
0: = ao:' for some seminormal 0:' E TR, but we are presently unable to prove this. 
The following proposition gives strong evidence for this. 

PROPOSITION 4.1. Let 0: E TRk with 0: = a@ for some @ E TR. Then there exists 
0:' E TRk such that 0:' and O:UO:' bound seminormal resolution towers in TR. 

PROOF. Let @ = {V;, ~i' Pi}7=o' Pick the largest k so that @k-l is seminormal. 
If k > n we are done. We will prove this by induction on n - k. Let Ak c int(Vk) 
- I ~ k I be a smooth compact codimension zero submanifold so that every compo-
nent of Vk - I~kl meets av. U A k • See Figure 26. 

By Lemma 2.2 there is a compatible family {Ad7=o in @ with Ai = 0 for all 
i < k. This gives @" and @III E TR where 

@"= {Ai'~JIAi'Pil}7=o and 

@III = {V; - int(AJ, ~i n(v; - intAJ,Pil};=o' 

Notice a@1II = o:ua@lI. Also k@1II and @k' are seminormal. By induction there 
are 0:*,0:** E TR such that 0:*,0:**, o:ua@lIuo:*, a@IIUO:** all bound semi-
normal resolution towers. Then 0:' = a@IIUO:**UO:* has the required property. 
o 

Hence if we show that bounding seminormal resolution tower is implied by the 
vanishing of certain additive invariants (characteristic numbers), then Proposition 
4.1 would give that if 0: bounds, then it bounds a seminormal resolution tower. This 
holds for resolution towers of dimension ~ 2 [AKs], so we conjecture 

CONJECTURE (*). If 0: E TR bounds, then it bounds a seminormal resolution 
tower. 

The positive answer to this conjecture would give a nicer obstruction theory than 
what we will describe in this paper. To give the reader some idea here we give the 
values of some of these cobordism groups (see [AKsD in Table 1. 
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TABLE 1 

i = 0 i = 1 i = 2 

11; l./2l. l./2l. (l./2l.)5 

lIf l./2l. (l./2l.)2 (l./2l.)15 

lIf l./2l. (l./2l.)2 (l./2l.)65 

Let!/,. denote the elements of Y of dimension ~ n. Let Y E!/,. and let Z be an 
s-dimensional substratified set inY. A TR-structure on Y - Z is an iJ E TR such 
that 1m = Y - Z; we further demand that liJl restricts to a product structure on a 
tubular neighborhood of each connected stratum of Y - Z and on the boundary of 
the tubular neighborhood of each s-dimensional connected stratum of Z. Now fix a 
TR-structure on Y - Z. Let I] be an open connected s-dimensional stratum of Z 
and let Z' = Z - 1]. Then the boundary of the tubular neighborhood of I] is in the 
form 1m x I] for some iJ E TR n - s - l . Then we have 

THEOREM 4.2. The TR-structure of Y - Z extends to Y - Z' if and only if there is a 
seminormal @ E TR such that iJ = 3@. 

PROOF. If the structure extends across we would have a TR-structure on the 
tubular neighborhood conelm x I] of I] restricting to the old structure 1m x I] on 
the boundary. Hence there exists @ with 3@ = iJ and I@I = coneliJl so that @ X I] 
is the extension. In particular, @ is seminormal. Conversely if iJ = 3@ for some 
seminormal @, by Theorem 1.2 there is @' with 3@' = 3@ and I@'I = conel3@1 = 
conelm. Hence @' X I] gives the required extension. 0 

N ow triangulate Y, let X and ~ be the triangulated copies of Y and Z, 
respectively. Recall dim(~) = s. In particular, the boundary of the tubular neighbor-
hood of each open s-simplex of ~ is in the form 1m X RS for some iJ E TR n - s - l • 

That is, the link of each s-simplex has a TR-structure liJl. Let ~(~) be the formal 
sum of all s-simplexes of ~ with these coefficients in TR n _ s _ 1. In other words, if 
{1];}7=o is the set of all s-simplexes, H~) = I.7=Ol]iiJ i where liJil is the link of I]i. 
Let ~'= ~ - U7=o int( I]J; we call H~) the total obstruction to extending the 
structure to X - ~'. Theorem 4.2 say that the TR-structure on X - ~ extends to 
X - ~' if and only if each iJ i bounds a seminormal resolution tower. If we allow 
changing the TR-structure on X - ~ before extending, we get weaker obstructions 
to extension as follows. First we need to define the connected sum operation. If 
iJ, WE TR with dim(iJ) = dim(iJ') = m, we can form a new resolution tower 
&#&' by 

for i < k, 
for i = m, 
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where the connected sum is taken along discs lying in the interiors of Vm ( l}) -
IlJrn,(l})1 and Vm(l}') -llJrmm')I, and Pi(l}#l}') defined by restriction. Now let 
(X,~) be as above and let Ll be any (5 + I)-simplex of X with aLl c ~. Let 
aLl = L~~6 ai' and let the dimension of the link of Ll be r - 1 (i.e. the local 
dimension of X near Ll is s + 1 + r). Then the following proposition says that we 
have some freedom of changing the total obstruction near aLl. 

PROPOSITION 4.3. Given a TR-structure on X - L with the obstruction H~) = 

L7~oail}i and a @ E TRr with I@I z sr, then after subdividing X - ~ we can change 
PL 

the TR-structure near Ll such that the new TR-structure on X - L has the obstruction 
~'(~) = L~~6a;(l}i#@) + 2:7>s+lail}i· 

PROOF. Let ml be the link of Ll. We have dimll}1 = r - 1. Recallll}il are the links 
of ai' i = 0, ... , k. Let U denote the tubular neighborhood of int(Ll). U has a 
TR-structure by assumption so there is W E TRr with al}' = l} and U = 
1i)'1 X int(Ll). Let W' = l}'#@, i.e. 

V(l}") = (V;(W)UV;(@) 
I ~(l}')#~(@) 

for i < r, 

for i = r. 

Notice i)' is a codimension zero subtower of each l} i for i = 0, ... , s + 1. So 
changing the structure on U changes the links of each ai to Il} k #@I for i = 0, ... , s 
+ 1 leaves the links of ai for s + 1 < i .:;; k unchanged. See Figure 27. 0 

Now assume that X has a constant local dimension. This means that the 
dimension of the link of each i-simplex is n - i - 1. Also assume that ~ is the 
s-skeleton of X. Let ~(L) be the chain 2:7~oaJl}il in Cs(X; 1J~-s-l). If Conjecture 
(*) holds then vanishing of ~(~) = ° would imply that the TR-structure on X - 2: 
extends to X - 2:'. We claim that ~(~) is a cycle, i.e. as~(~) = ° where 
a,: Cs(X; 1J~-s-l) --> Cs-1(X; 1J~-s-l) is the boundary map. This follows by looking 
at the link of each (s - I)-dimensional simplex of L; then the part of the link which 
lies in the complement of L gives the cobordism needed to have aJ(L) = 0. See 
Figure 28. 

FIGURE 27 
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an (s - 1 )-simplex of }; 

FIGURE 28 

So ~(};) E ker as" Let Ok be the subgroup of 1Jf generated by resolution towers @ 

with i@i P.L. homeomorphic to Sk. There is a natural map Ps+l: Cs+1(X; OnR~s~l) -:-+ 

Cs+1(X; 1J~~s~l) induced by inclusion, let as+l = as+l 0 Ps+l' Proposition 4.3 says 
that by adjusting the TR-structure on X - }; we can change ~(};) by the image of 
as+l' Define 0s(X) = kernel(as)/image(as+ 1). Let g*(};) E 0s(X) be the image of 
~(};); then we can summarize the preceding discussion as follows. 

COROLLARY 4.4. If Conjecture (*) holds, then (a) ~(};) = ° if and only if the 
TR-structure on X - }; extends to X - };'. 

(b) If g*(};) = 0, then after possibly changing the structure near the (s + I)-skeleton 
and subdividing X - }; the structure on X - }; extends to X - };'. 
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